Abstract. We prove that if M is a von Neumann algebra whose abelian summand is discrete, then every local derivation on the algebra of all measurable operators affilated with M is a derivation. This answers a question of Richard Kadison.
At a conference held in Texas A & M University of 2012, Richard Kadison gave a talk about his joint work with Zhe Liu [10, 11] in which they proved that the only derivation that maps the algebra S(M) of closed densely defined operators affiliated with a factor von Neumann algebra M of type II 1 into that von Neumann algebra is zero. Kadison asked whether every local derivation on S(M) is a derivation.
In this note we prove a general ring-theoretic result which implies that for all von Neumann algebras M whose abelian summand is discrete, every local derivation on S(M) of all measurable operators is a derivation.
If R is a ring (resp. algebra) and δ : R → R is an additive (resp. linear) mapping, we say that δ is a derivation if, for all a, b ∈ R, we have
We say that an additive mapping δ is a local derivation if, for every x ∈ R there is a derivation ρ x on R such that
To prove our main result, we need two lemmas. The first is a result of [3, Corollary 4.5] . Suppose R is a ring with identity 1 and n ≥ 2 is an integer. We say that a subset {E ij : 1 ≤ i, j ≤ n} ⊂ R is a system of n × n matrix units for R if and only if
In [3, p.11], Bresar shows that for any unital ring B, the ring M n (B) is generated by the set of all idempotents in B, where 2 ≤ n.
The following Lemma 1 is a special case of [3, Corollary 4.5].
Lemma 1. If R is a ring with identity 1 that possesses a system of n × n matrix units for some n ≥ 2, then every local derivation on R is a derivation.
Note that, in general, derivations need not leave ideals invariant, e.g., differentiation on the polynomials. However, if p a central idempotent, then every derivation (hence, every local derivation) δ leaves pR and (1 − p) R invariant, since
Moreover, pR is isomorphic to R/ (1 − p) R. This yields the following corollary to the preceding lemma. A family P of central idempotents for a ring R is separating if and only if, for each nonzero x ∈ R, there is a p ∈ P such that px = 0.
Lemma 2. Suppose R is a ring with identity and P is a separating family of central idempotents such that, for each p ∈ P, every local derivation on pR is a derivation. Then every local derivation on R is a derivation.
Proof. Suppose δ : R → R is a local derivation, a ∈ R and p ∈ P. Then there is a derivation ρ on R such that
It follows that δ (pR) ⊂ pR and that δ|pR is a local derivation. Hence δ|pR is a derivation. Thus, for every a, b ∈ R and every p ∈ P, we have
Since P is separating, we see that δ is a derivation on R.
An abelian von Neumann algebra M is discrete if it is generated by its minimal nonzero projections; equivalently, if the identity operator in M is the sum of the minimal projections in M. Since M is abelian, it follows that QM = CQ for every minimal projection Q in M. Every von Neumann algebra on a Hilbert space H is the direct sum of algebras M n with 1 ≤ n < ∞ (the finite type I n summands) and a von Neumann algebra M ∞ which is the direct sum of algebras of type I ∞ , II, and III (not all summands need be present). Call the corresponding central projections P n with 1 ≤ n ≤ ∞. Theorem 1. Suppose M is a von Neumann algebra on a Hilbert space H.
Then
(1) If M 1 = 0 and R is a ring containing M with the same identity as M such that P = {P n : 2 ≤ n ≤ ∞} is a separating family of central idempotents for R, then every local derivation on R is a derivation. (2) If M 1 is discrete, then every local derivation on the algebra of closed densely defined operators affiliated with M is a derivation.
Proof. (1)
. By [9, Theorem 6.6.5], we know that P n M contains an n × n system of matrix units for 2 ≤ n < ∞, and it follows from [9, Lemma 6.5.6] that P ∞ M contains a 2 × 2 system of matrix units. Since P n M ⊂ P n R is a unital embedding and P is separating, it follows from the two lemmas above that every local derivation on R is a derivation.
(2) . Let R be the algebra of all measurable operators affiliated with M. However, since M 1 is discrete, P 1 is the orthogonal sum of a family {Q λ : λ ∈ Λ} of minimal projections and that, for each λ ∈ Λ, Q λ M = CQ λ , which means that Q λ M ′ = B (Q λ H) Q λ , which, in turn, implies that Q λ R = CQ λ , so every local derivation on Q λ R is a derivation. Since Since the elements of R are densely defined operators on H, and λ∈Λ Q λ + 2≤n≤∞ P n = 1, it follows that {Q λ : λ ∈ Λ} ∪ {P n : 2 ≤ n ≤ ∞} is a separating family of central idempotents for R. Arguing as in the proof of (1) we can apply the lemmas to see that every local derivation on R is a derivation.
In [1, Theorem 3.8] , the authors give necessary and sufficient conditions on a commutative von Neumann algebra M for the existence of local derivations which are not derivations on the algebra S(R) of measurable operators affiliated with M.
For a von Neumann algebra M, we can define the set S(M) of all measurable operators affiliated with M and the set LS(M) of all local measurable operators affiliated with M In [12] , Muratov and Chilin show that LS(M) is a unital * -algebra when equipped with algebraic operations of the strong addition, multiplication, and taking the adjoint of an operator and S(S) is a unital * -subalgebra of LS(M).
Suppose that M is a von Neumann algebra with a faithful normal semi-finite trace τ . Let S(M, τ ) denote the algebra of all τ -measurable operators affiliated with M. It is clear that M ⊆ S(M) ⊆ LS(M) ( see for details [1, 2, 13] 
